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relative humidity for equivalent exposure times. Average
sulfate production for the carbon suspensions in the bubbler
was 0.042 mg/m2 h, while that for the initially dry par-
ticulates exposed to the flowing gas mixture was 0.051 mg/m2

h. We feel that these values are in good agreement and
demonstrated the significance of the role of carbon surface
area on the conversion process. The production of sulfate
(based on surface area) in the bubbler was lower than that on
the particles, even though the NO2 concentration in the
bubbler was higher. Two simple observations are offered that
may help to explain this result. The total mass (not con-
centration) of SO2 available for oxidation per unit of carbon
surface was lower in the bubbler experiment, and the ratio of
liquid water to carbon surface was higher. Either, or both, of
these conditions may have influenced sulfate production
somewhat. Nevertheless, as noted, the agreement between the
specific sulfate yields is quite good considering the significant
differences in experimental techniques and conditions, and
suggested that as long as sufficient H2O is present to alleviate
saturation, the transformation process will not be highly
sensitive to bulk water concentrations. These results also
suggest that the SO2 transformation chemistry observed on
the initially dry carbon particles, once "wetted" by contact
with the 65% relative humidity air, behaved chemically as a
carbon/water suspension.

Conclusions
The results of these experiments indicate that graphitic

carbon particles effectively catalyze the oxidation of SO2 to
sulfate by NO2 in the presence of gaseous or liquid H2O.
Water (vapor or liquid) enhances the capacity of carbon to
catalyze SO2 oxidation, but once a surface water film has
formed, the transformation process is not highly dependent
upon additional water. The transformation of SO2 to sulfate
by NO2 on carbon does not appear to be inhibited at low pH.
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A Simple Model
for Elastic Two-Dimensional Sails

P. S. Jackson*
Auckland University, Auckland, New Zealand

Introduction

THE flow around flexible lifting membranes (sails) is of
interest because the equilibrium shape of the membrane

emerges as part of the solution. The exact shape depends upon
the pressure distribution on, the surface, and this is turn
depends upon the sail shape. The equations of fluid motion
and sail equilibrium can be linearized if it is assumed that the
sail camber and angle of attack are small, although Nielsen1

and Thwaites2 found that a numerical procedure was still
required to solve the resulting "sail equation." It is shown
here that,quite good solutions can be obtained by assuming
that the sail has a cubic shape. The standard results of thin-
airfoil theory can then be combined with the conditions for
force equilibrium on the sail to produce a relatively small set
of equations. The equations are nonlinear and do not appear
to have explicit solutions, except in some limiting cases, but
they have the advantage that important variables like lift and
sail tension appear directly. Numerical solutions are easily
obtained, and are shown to be close to those obtained by
Nielsen.1

The analysis is also extended to include the effects of sail
stretch. This leads to a particular riondimensional com-
bination of variables whose magnitude quantifies the relative
significance of stretch, but it is found that the qualitative
effects are quite predictable.

Simple Sail Model
A two-dimensional flexible membrane of length / is con-

strained by fixing its leading and trailing edges at the points
(0,6) and (0, -&), as shown in Fig. 1. It then takes up an
equilibrium shape under the action of an inviscid fluid whose
freestream has dynamic pressure {/2pV2, and makes an angle a
with the horizontal axis. The forces acting on the membrane
can thus be normalized by pV2b, giving coefficients CL for
the lift force and CT for the tension in the sail.

The sail shape will usually be convex, but its details will
depend upon the distribution of pressure along the surface.
The pressure distribution depends in turn upon the details of
the shape, but some of its overall effects are easily obtained
from thin-airfoil theory. If the sail shape is assumed to be a
cubic,

Bx\
~b ) 0)

then the theory gives for the coefficients of lift and leading-
edge moment (from Ref. 4, p. 50)

and
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=2,1*+-+-
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Fig. 1 Angles and forces on a two-dimensional sail.

It is more easily shown that A = 6} + 62, B = 62-6j, so that
these two parameters may be thought of as simple measures of
the maximum camber and its position along the chord,
respectively.

The sail length can be found by integrating along its sur-
face,

/= f (l+y2)'/2dx
J -b

Now, since the sail membrane is elastic its length depends
upon the tension force. If a tension force T causes the sail
length to increase by a fraction k then the length can also be
written 2b(\ +e)(l + A:7), where 2be is the initial excess of sail
length over chord. Equating these two expressions, using Eq.
(1) for y and expanding for small values of camber, leads to

A2 B2

(4)

where

Two further equations can be obtained by considering the
conditions for force equilibrium of the whole sail. Since the
flow is inviscid there can be no drag force, and the resultant of
the forces constraining the leading and trailing edges must
balance the net lift force acting normal to the freestream. This
is,

CL = (CT-CF)sm(B1 -a)+CTsm(62 -fa)

where CF is the coefficient for the suction force which acts
tangentially to the leading edge of the sail. Since CF is of
second order in a, when all the angles are small this equation
reduces to

CL=CTA (5)

Similarly, if the constraining forces are projected back along
tangents to the leading and trailing edges they must intersect
at a point through which the net lift also acts. Thus, if a line is
drawn through this point normal to the freestream it intersects
the chordline at the center of pressure. This construction leads
to the exact result

xc

2b
tan#2

tan02+tan07

for the distance along the chord to the center of pressure. It
may also be simplified when the angles are small, giving

2b 62+6]
B_

2A (6)

Neither Thwaites2 or Nielsen1 seem to have noticed this
result, which gives excellent predictions for xc in the results
given by Nielsen in his Table 2. Its importance here lies in the

Fig. 2 A comparison of the simple model for no stretch (——) with
Nielsen's exact solution (—); reduced lift and tension coefficients
(left axis) and center of pressure (right) vs reduced angle of attack.

Fig. 3 Reduced lift coefficient vs reduced angle of attack, for various
values of the stretch parameter j8/e.

fact that a second expression for xc/2b can be obtained from
Eqs. (2) and'(3), since by definition this is the ratio of CM to
CL. Equating the two expressions leads to

B2+B[8a+(7A/4)] + 4Aa = (7)

This completes the necessary set of equations since, if e, ft
and a are known, there are five equations for the unknowns
A, B, CL, CM, and CT. These are Eqs. (2-5) and (7) which can
be recast into the form

CT, CL /Ve = functions of (ff/VT, 0/e)

which for the case 0 = 0 agrees with that obtained by Nielsen.
The solutions to these equations when 0 = 0 are compared
with Nielsen's results in Fig. 2, where the agreement is seen to
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Fig. 4 Tension coefficient vs reduced angle of attack, for various
values of the stretch parameter /3/e.

be very good. Additional solutions for various values of (3/e
are given in Figs. 3 and 4. It can be seen that the effect of sail
stretch is only to add greater camber, the general trends in CL
and CT being quite predictable. For a given e and a an elastic
sail has more camber and lift than an inextensible sail, and
less tension.

Asymptotic Solutions
A limiting case occurs when #Ve-*0, since then Eq. (7) gives

Z? = 0 so 6] =6 2 and the sail is symmetric in shape. The
remaining equations reduce to

CL=irA/2 (8)

Thus the lift and camber increase with e or /?, but the tension
always has a value of 1 .57. When (3 = 0 we find CL /Ve = 7.70,
compared with CL/Ve~=7.28 and Cr = 1.73 for the solution
obtained by Nielsen. Irvine3 also obtained Cr = ?r/2,

assuming a circular arc profile. The solution for sails which
are very stretchy or have no initial camber (e//3^0) is also
interesting, in that at zero angle of attack CL/V/3 = 9.64, so
that the lift force then has cubic dependence on speed U.

A second limit occurs when B= -A/2 since then the center
of pressure arrives at the quarter-chord point, and the sail
must resemble a flat plate. Equations (2) and (3) show that
this requires that Ala and El a vanish, when Eqs. (2) and (4)
give

480

Since Ala—0 the last equation only has meaning for the
inextensible sail, & - 0, when

A = (480e/23)1/ /a = 7r(23/120)'/2 - 1.375 (9)

whereas Thwaites obtained 1.017 for the final number. The
form for CT shows that this case corresponds to that of very
large tension and small camber, when the sail approaches the
expected flat-plate shape. It is interesting to note the very
small difference in magnitude between the values for A in the
two limiting cases given by Eqs. (8) and (9) (for /3 = 0). For any
a it appears that the value of CL /VeCr for an inextensible sail
must lie in the range 4.57 to 4.90.
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